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Abstract. We forecast how current (Planck) and future (Prism) cosmic microwave background (CMB)
experiments constrain the adiabatic mode and its admixtures with primordial isocurvature modes. The
forecasts are based on measurements of the reconstructed CMB lensing potential and lensing-induced CMB
B-mode polarization anisotropies in combination with the CMB temperature and E-mode polarization
anisotropies. We first study the characteristic features of the CMB temperature, polarization and lensing
spectra for adiabatic and isocurvature modes. We then consider how information from the CMB lensing
potential and B-mode polarization induced by lensing can improve constraints on an admixture of adiabatic
and three correlated isocurvature modes. We find that the CMB lensing spectrum improves constraints on
isocurvature modes by at most 10% for the Planck and Prism experiments. The limited improvement
is a result of the low amplitude of isocurvature lensing spectra and cancellations between these spectra
that render them only slightly detectable. There is a larger gain from using the lensing-induced B-mode
polarization spectrum measured by Prism. In this case constraints on isocurvature mode amplitudes
improve by as much as 40% relative to the CMB temperature and E-mode polarization constraints. The
addition of both lensing and lensing-induced B-mode polarization information constrains isocurvature
mode amplitudes at the few percent level or better. In the case of admixtures of the adiabatic mode
with one or two correlated isocurvature modes we find that constraints at the percent level or better are
possible. We investigate the dependence of our results to various assumptions in our analysis, such as
the inclusion of dark energy parameters, the CMB temperature-lensing correlation, and the presence of
primordial tensor modes, and find that these assumptions do not significantly change our main results.
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1 Introduction
The temperature anisotropies in the cosmic microwave background (CMB) radiation are an important
source of cosmological information. Containing imprints of the initial conditions after inflation, the large-
scale anisotropies propagate to us largely unaltered and constitute a powerful probe of the early universe.
The measurement of the CMB anisotropies by different experiments in temperature [1–12] and polariza-
tion [13–19] with increasing precision have allowed us to constrain models of inflation by measuring the
shape and amplitude of the primordial spectrum and placing upper limits on primordial non-gaussianity
and tensor perturbations [20–25], with a recent claimed detection of primordial tensor perturbations [26].
Going beyond the temperature anisotropies, ongoing and upcoming CMB experiments have pushed in two
main directions. The first set of experiments have targeted the large-angle CMB B-mode polarization
anisotropies in order to detect primordial gravitational waves and constrain inflationary models via their
tensor mode contribution [26–28]. The second set of experiments have primarily focused on constraining
the late-time universe by measuring with increased sensitivity the CMB temperature and polarization
anisotropies on small scales, taking advantage of the CMB as a backlight on cosmic structures at low
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redshift [29–31]. However, these experiments are also sensitive to the primordial universe through direct
constraints on the shape of the power spectrum via the spectral index and its running, and on primordial
non-gaussianity [32, 33].
Another aspect of the primordial perturbations that the CMB can probe is the initial conditions set up dur-
ing inflation, namely, whether the perturbations were adiabatic or isocurvature in nature. The adiabatic
mode (AD) is characterized by relative ratios in the number densities of species that are spatially uni-
form, leading to an overall curvature perturbation initially. In contrast isocurvature modes have spatially
varying abundances of species that are balanced to have zero net spatial curvature initially. Depending
on the species that are initially perturbed at most four different regular isocurvature modes are allowed,
namely the neutrino isocurvature density (NID) and neutrino isocurvature velocity (NIV), the cold dark
matter isocurvature (CI) and the baryon isocurvature (BI) modes [34]. The general primordial cosmic
perturbation is comprised of these five regular modes and their correlations [34]. A variety of models have
been proposed that generate admixtures of adiabatic and isocurvature perturbations, including multi-field
inflationary models [35–41], axion models [42, 43] and curvaton models [44–50]. Recently Iliesu et al. [51]
proposed a model that generates CI and NID modes correlated in a specific way with the adiabatic mode.
Though pure isocurvature models are strongly constrained, subdominant correlations of isocurvature
modes with the adiabatic mode are allowed by current data. Detecting even a small fraction of isocur-
vature perturbations would discard single-field inflationary models. This motivates us to adopt a more
phenomenological approach in this paper and consider models with arbitrary correlations of isocurvature
and adiabatic modes that are not tied to any specific underlying model. Previous studies have forecast
constraints on isocurvature perturbations using CMB temperature and polarization power spectra alone
[52–54], or in combination with the matter power spectrum through galaxy redshift survey measurements
[55–57] and with Type Ia supernovae surveys [58]. Considering CMB temperature measurements alone,
Bucher et al. [59] showed that these were subject to degeneracies of isocurvature parameters with cos-
mological parameters in the most general case of the adiabatic mode correlated with three isocurvature
modes. However, when large-angle (ℓ <∼ 100) E-mode polarization data from Planck is added, then the
combined data would constrain individual mode amplitudes to less than ten percent.
These models have been confronted with the wealth of CMB data that has accumulated over the last
decade, primarily from WMAP [22, 60–62], high-resolution ground-based experiments [63–65], and more
recently Planck [23]. Several different studies [63, 66–68] that have used CMB data alone, or in com-
bination with other datasets such as the Sloan Digital Sky Survey (SDSS [69]) matter power spectrum
[70, 71] and the SNLS supernovae survey [72], have found that pure isocurvature models are ruled out
but models with admixtures of adiabatic and isocurvature modes are allowed. There has been a series of
papers constraining admixture models with a single isocurvature mode correlated with the adiabatic mode,
using CMB data alone [73–77] or in conjunction with large-scale structure data [78–81], with the most
recent analyses constraining the isocurvature fraction to 3% for fully correlated modes, and to 15% for
uncorrelated modes. Other studies have constrained models with two [76, 82, 83] or three [75, 76, 82, 83]
isocurvature modes correlated with the adiabatic mode, with the latest constraints permitting a maximum
isocurvature fraction of 20% and 40% for two and three isocurvature modes, respectively.
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High resolution CMB experiments have opened up another avenue for constraining the primordial per-
turbations, through increasingly accurate measurements of the CMB lensing spectrum [20, 25, 84]. The
gravitational lensing distortion of the CMB spectrum is sensitive to the amplitude and shape of the mat-
ter power spectrum, which, in the linear regime, provides a direct link to the primordial power spectrum.
Moreover, the matter power spectrum inferred from CMB lensing is not affected by the biases that are
inherent in galaxy redshift survey measurements of the matter power spectrum. In this work, we study
the effect of combining the CMB lensing potential, reconstructed from CMB temperature and polariza-
tion spectra, with CMB temperature, E-mode and B-mode polarization spectra to forecast constraints on
primordial isocurvature modes. We study how current (Planck) and future (Prism) cosmic microwave
background experiments will constrain the adiabatic mode and its admixtures with primordial isocurvature
perturbations, in combination with the standard set of cosmological parameters. In a forthcoming paper,
we will use recent CMB temperature, polarization and lensing data to set updated constraints on models
with correlated adiabatic and isocurvature modes. We note that CMB lensing information has been used
previously to forecast constraints on isocurvature modes [85]. However, this study only considered a single
CDM isocurvature mode correlated with the adiabatic mode in the context of the axion and curvaton
models, whereas we consider more general correlations of one, two and three isocurvature modes. The
paper also focused primarily on the Planck experiment, whereas we consider, in addition to Planck,
more sensitive measurements of the B-mode polarization signal from Prism.
This paper is structured as follows. In Section 2 we compare and contrast the features of the CMB
temperature, polarization and lensing potential spectra generated by adiabatic and isocurvature initial
conditions. We consider in turn how lensing information adds to the CMB temperature, CMB temper-
ature and E-mode polarization, and CMB temperature, E-mode and B-mode polarization measurements
in constraining isocurvature modes. In Section 3 we describe the Fisher matrix formalism that we use to
forecast constraints on cosmological parameters and isocurvature mode amplitudes from CMB anisotropy
and lensing spectra. In Section 4 we forecast constraints on isocurvature modes from the Planck and
Prism experiments and the impact of CMB lensing data on these constraints. We present our main results
for three correlated isocurvature modes but also consider constraints on one or two correlated isocurvature
modes. In this section, we also study the dependence of our results to certain assumptions in our analysis.
Finally, in Section 5 we discuss our results and conclusions, and highlight possible extensions of this work.
2 CMB anisotropy and lensing spectra from primordial perturbations
Before deriving the anticipated constraints on the primordial perturbations that CMB anisotropy and
lensing spectra can provide, it is useful to study the features of the CMB temperature, polarization and
lensing spectra for adiabatic and isocurvature modes and to understand how these depend on cosmological
parameters. To compute the CMB spectra presented in this section we used a modified version of CAMB
[86] with cosmological parameter values listed in Table 1. The isocurvature auto-correlation spectra are
normalized to have the same CMB power (defined in Section 3.2) as the adiabatic mode, and the cross-
correlation power spectra are computed using the quadratic form relation given in [87].
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Figure 1. CMB temperature (top left), E-mode polarization (top right), B-mode polarization (bottom right) and
lensing (bottom left) spectra for adiabatic and isocurvature auto-correlation modes. The isocurvature observables
are normalized so that their CMB temperature spectra have the same power (defined in Section 3.2) as the adiabatic
CMB temperature spectrum. Note that the B-mode spectrum does not include tensor modes and we have switched
off reionization in this figure, but have included it in our statistical treatment in the results section. For plots of
the temperature and E-mode polarization cross-correlation spectra, one may refer to [59]. The B-mode polarization
and the lensing cross-correlation spectra are given in Figure 2.
2.1 Temperature spectrum
The phenomenology of the CMB temperature spectrum has been studied in great detail [34, 42, 88–91].
The features of the temperature spectrum are mainly determined by the photon density and velocity
divergence, and the gravitational potential at decoupling. The photon density evolution equation in the
tight-coupling regime is given by
δγ(k, τ) = AS sin krs(τ) +AC cos krs(τ)
+
∫ τ
0
(1 +R(τ ′))1/2 sin [krs(τ)− krs(τ ′)]F (k, τ ′)dτ ′, (2.1)
where AS(k) and AC(k) set the initial conditions, rs is the sound horizon, R is the baryon-to-photon
density ratio, τ the conformal time and F (k, τ) is a source term depending on the gravitational potential
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and its time derivatives (see [88, 92] for more details). The BI, CI and NIV modes excite the sin (krs)
harmonic (AC = 0), while the NID mode excites the cos (krs) harmonic (AS = 0) and the adiabatic mode
is sourced purely by the gravitational driving term (AS = AC = 0). The photon velocity divergence can
be derived from the density using θ˙γ =
k2
4 δγ . The gravitational driving term is negligible for the NIV and
NID modes but becomes significant for the BI and CI modes in the matter dominated era. Figure 1 shows
the CMB temperature spectra for the adiabatic and isocurvature mode auto-correlations. We note that
the acoustic peak positions in the CMB spectrum follow the pattern of a harmonic series [93] that is set
by the respective harmonic for a given mode. The AD, NIV and NID spectra are constant on large scales
and decrease due to Silk damping on small scales [88] while the BI and CI spectra steeply decrease in
power on all scales due to a redistribution of power from small scales to large scales (see e.g., [92]). These
differing features allow one to distinguish adiabatic and isocurvature modes using the CMB temperature
spectrum.
2.2 E-mode polarization spectrum
The E-mode polarization of the CMB arises from a non-zero photon quadrupole at recombination due to
the weakening of the photon-baryon coupling [94]. A recent study by Galli et al. [95] has demonstrated
that E-mode polarization measurements can constrain cosmological parameters better than CMB temper-
ature measurements. Bucher et al. [59, 87] highlighted the role of large-scale E-mode polarization data in
constraining the presence of primordial isocurvature modes.
On intermediate and small scales (ℓ>∼ 100), the relative oscillatory behaviour in the E-mode polarization
isocurvature and adiabatic spectra is similar to the temperature spectra. This is due to the phase dif-
ference between the photon density and velocity divergence, so that very little additional information is
provided by E-mode polarization spectra on these scales. However, on large scales (ℓ < 100) one observes
significantly different E-mode polarization spectra for adiabatic and isocurvature modes. The difference
between adiabatic and isocurvature polarization spectra is studied in more detail in [96]. We present the
relevant points here.
The E-mode polarization spectrum is given by
CEℓ =
2
π
∫
k3d ln k|∆Eℓ (k, τ∗)|2 P (k), (2.2)
where τ∗ is the conformal time at recombination and P (k) ∼ k−3 is the scale-invariant primordial power
spectrum. The polarization transfer function on large-scales, ∆Eℓ (k, τ∗) ∝ σγ(k, τ∗) ℓ[k(τ0 − τ∗)], is the
spherical projection of the photon shear. The photon shear couples to density perturbations and is pro-
portional to {k2, k2, k2, k} for the {AD, CI, NID, NIV} modes, respectively. Thus, on large scales, the
E-mode polarization spectrum CEℓ is proportional to ℓ
2 for the AD, CI and NID modes, but remains
constant for the NIV mode. 1 This means that the CMB polarization spectrum for the NIV mode has
1Here, we have made use of the relation
∫
∞
0
dxx
n−2

2
ℓ (x) = 2
n−4
Γ(ℓ+ n
2
−
1
2
)Γ(3− n))
Γ(ℓ+ 5
2
−
n
2
)Γ2(2− n
2
)
. (2.3)
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more power on large scales compared to the other modes due to the larger photon velocity divergence on
these scales. The turnover in the large-scale E-mode spectra occurs at an angular scale set by the photon
mean free path at decoupling. The exact scale is determined by the harmonic that is excited by a given
mode, as described in Section 2.1. Figure 1 shows the E-mode polarization spectrum for different modes.
The power law slope and turnover scale in the large-scale E-mode polarization spectra agree well with the
above description.
2.3 Lensing spectrum
The CMB lensing potential is determined by the initial power spectrum and the growth function of
matter perturbations. The growth rate of the perturbations sets the amplitude and the turnover scale of
the adiabatic and isocurvature lensing spectra. For all modes, sub-horizon fluctuations grow proportional
to ln τ in the radiation dominated era and proportional to τ2 in the matter dominated era. However,
super-horizon matter fluctuations grow in both the radiation era and matter era for only the adiabatic
mode, resulting in a much larger amplitude of the lensing potential for the adiabatic mode compared to
the isocurvature modes. Matter perturbations grow on super-horizon scales for the CI and BI modes, but
only from the onset of the matter era [40, 97]. Matter perturbations in the NID and NIV modes only grow
once the perturbations become sub-horizon. The smaller amplitudes of the lensing power spectra for the
isocurvature modes relative to the adiabatic mode are shown in Figure 1. The amplitude of the CI lensing
power spectrum is ten times smaller than its adiabatic counterpart on large scales [62] and even smaller
on smaller scales, while the amplitude of the neutrino isocurvature lensing power spectra are at least two
orders of magnitude smaller on large angular scales. As we will see the much smaller amplitudes of the
isocurvature lensing spectra make them harder to constrain using CMB lensing data.
2.4 Lensing-induced B-mode polarization spectrum
Previous studies have shown that the CMB B-mode polarization spectrum is informative in constraining
the physics of the early universe (see e.g., [98, 99]). The B-mode polarization spectrum on small scales
is generated by the remapping of the large-scale E-mode polarization through gravitational lensing and is
given by [100]
CBℓ =
∫
d2l′
(2π)2
[
l
′ · (l− l′)]2 Cφ|l−l′|CEl′ sin2 2(φl′ − φl), (2.4)
where φl is the projected gravitational potential along the line of sight. This ‘late’ B-mode polarization,
though it cannot not tell us about tensor perturbations in the early universe, can potentially constraint
the primordial perturbations through its scalar contribution. This is because it depends on the existing
E-mode polarization, which has a spectrum that in turn depends on the initial conditions. The B-mode
polarization spectrum from lensing has a white spectrum on large scales (l ≪ l′) [100] as can be seen in
Figure 1. On small scales (ℓ ≥ 10000) CBℓ ∝ ℓ2Cφℓ and on intermediate scales CBℓ tracks CEℓ [100]. This
implies that there is information in the small-scale B-mode spectrum to discriminate between the initial
conditions, via the information it inherits from the E-mode polarization and lensing potential spectra. The
amplitude of the B-mode polarization spectrum is determined by a combination of the lensing potential
and the E-mode polarization spectrum, while the turnover scale is set mainly by the E-mode polarization
spectrum.
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3 Statistical method
The aim of this section is to outline the formalism used to quantify the constraints on isocurvature
modes based on current and next-generation datasets. We apply the Fisher matrix formalism to different
generations of CMB experiments. We consider a current and a future CMB experiment that measures
temperature and polarization spectra, and a reconstructed lensing potential spectrum.
3.1 Fisher matrix formalism
The accuracy with which cosmological parameters can be measured from a given dataset or experiment
is conveniently quantified using the Fisher matrix formalism (see, e.g. [101]), where the Fisher matrix is
given by
Fij = −
〈
∂2 lnL(x; θ)
∂θi∂θj
〉
. (3.1)
In this formalism, the likelihood L(x,θ) of observing a set of data x given a model with parameters θ,
depends on a set of cosmological parameters θ that we wish to estimate. The 1-σ errors on the parameters
θi are given by σi =
√
F−1ii . Here x, the CMB power spectrum or lensing potential spectrum in this case,
is modelled as an N-dimensional random variable.
In the case of CMB temperature measurements alone, the Fisher matrix can be written explicitly as
F Tij =
ℓTmax∑
ℓ=ℓmin
∂CTℓ
∂θi
∂CTℓ
∂θj
(2ℓ+ 1)fsky
2(CTℓ +N
T
ℓ )
2
, (3.2)
or, when E-mode polarization measurements are combined with temperature measurements, as,
F T+Eij =
ℓTmax∑
ℓ=ℓmin
∑
X,Y
∂CXℓ
∂θi
(Covℓ)
−1
XY
∂CYℓ
∂θj
. (3.3)
Here the superscripts X,Y ∈ {T,E} and (Covℓ)XY is the covariance matrix between any pair of the T, E
and TE power spectra, as given in [102]. In addition we include in our Fisher matrix analysis information
from the B-mode polarization spectrum,
FBij =
ℓBmax∑
ℓ=ℓmin
∂CBℓ
∂θi
∂CBℓ
∂θj
(2ℓ+ 1)fsky
2(CBℓ +N
B
ℓ )
2
, (3.4)
and from the CMB lensing potential spectrum,
FLij =
ℓLmax∑
ℓ=ℓmin
∂CLℓ
∂θi
∂CLℓ
∂θj
(2ℓ+ 1)fsky
2(CLℓ +NLℓ )2
, (3.5)
where fsky is the fraction of sky that the experiment covers, Nℓ is the beam-weighted detector noise of
the experiment for temperature or polarization, and Nℓ is the noise arising from the quadratic estimator
used in the reconstruction of the lensing signal. We use ℓmin = 2 and ℓmax = 2000 for all Fisher matrices
in our main study but consider modifications to the value of ℓmin in Section 4.5.
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Fiducial model
ωb ωc ΩΛ τ ns As
0.02258 0.11090 0.734 0.088 0.963 15.7
Table 1. Parameter values for the fiducial cosmological model.
We assume that the B-mode polarization and the lensing potential Fisher matrices are independent of the
CMB temperature or CMB temperature and polarization Fisher matrices. This allows us to simply sum
the corresponding Fisher matrices when combining different probes. However, as pointed out in [103], the
CMB lensing and the CMB temperature and polarization probes are correlated. We consider the impact
of the correlation on our results in Section 4.5. We have also checked that leaving out the information
from the large-scale lensing-temperature correlation, as included in previous CMB anisotropy and lensing
Fisher matrix studies [85, 104], has a negligible effect on our main results. We now describe the different
ingredients of the Fisher matrix analysis in turn.
3.2 Fiducial cosmological model and parameter derivatives
The first ingredient in the Fisher matrix that we describe is the fiducial (or target) cosmological model
about which the Fisher matrix is computed. We consider a spatially flat adiabatic ΛCDM model described
by the following parameters: the baryon density ωb, the CDM density ωc, the cosmological constant ΩΛ,
the optical depth τ , the spectral index ns and the scalar amplitude As, with their values specified in
Table 1. The parameter As rescales the unit power CMB temperature spectrum to its usual amplitude via
Cℓ = 13000µK
2 As Cˆℓ, where Cˆℓ is the fiducial CMB temperature spectrum with unit power. We include
ten additional mode amplitude parameters for the fractional contribution of adiabatic and isocurvature
(CI, NID and NIV) auto-correlations and cross-correlations to the total power spectrum as described in
[87]. We do not include the BI mode as it produces CMB spectra that are nearly identical to the CI
mode. The isocurvature spectra are fixed, up to an amplitude, by the cosmological parameters listed in
Table 1. Note that the Fisher matrix errors depend on the fiducial model assumed. The adiabatic fiducial
model chosen here is well motivated as it provides an excellent fit to current data, and we are interested
in constraining fractional contributions of isocurvature modes about the adiabatic model.
The second ingredient in the Fisher matrix involves the derivatives of the CMB and lensing spectra with
respect to the cosmological and mode amplitude parameters. The temperature and E-mode polarization
spectrum derivatives have been presented in [59]. In Figure 2, we show the B-mode polarization spectrum
and the lensing potential spectrum derivatives with respect to cosmological and mode amplitude param-
eters. For the calculation of the power spectrum derivatives with respect to the isocurvature amplitudes,
we have adopted the convention in [87], where the pure isocurvature modes are normalized to have the
same power i.e., P =
∑2000
ℓ=2 (2ℓ+ 1)Cℓ, in their CMB temperature spectra as the adiabatic mode.
3.3 CMB experiments
The final ingredient in the Fisher matrix analysis is the sensitivity of the CMB experiment, which depends
on the detector noise and the beam width. We consider three generations of CMB experiments: a current
– 8 –
Figure 2. Derivatives of the B-mode polarization and lensing spectra with respect to cosmological parameters and
cross-correlation mode amplitudes. Lensing and B-mode polarization spectra for the isocurvature auto-correlation
modes are shown in Figure 1.
ν/ GHz a θF
b ∆T (µK)
c ∆P (µK)
d ν/ GHz a θF
b ∆T (µK)
c ∆P (µK)
d
Planck 143 7.1’ 6.0 11.5 217 5.0’ 13.1 26.8
90 5.7’ 18.8 26.6 185 2.8’ 7.05 9.97
105 4.8’ 13.8 19.6 200 2.5’ 6.48 9.17
Prism
135 3.8’ 9.85 13.9 220 2.3’ 6.26 8.85
160 3.2’ 7.78 11.0 – – – –
Table 2. Summary of the experimental specifications for Planck [105] and Prism [106] . a Nominal central
frequency of the detectors in each band. b Beam full width at half maximum (FWHM). c 1-σ sensitivity to
intensity per frequency channel. d 1-σ sensitivity to polarization per frequency channel. We assume ∆P =
√
2∆T
which is a fair assumption for fully-polarized detectors. The 1-σ sensitivities quoted are per beam.
experiment with Planck-temperature only [105], with data for this experiment already available publicly,
and a near-term experiment with Planck temperature and E-mode polarization, the data for which will
be released shortly. The third experiment is a future CMB polarization satellite focused on measuring the
B-mode polarization signal very precisely, with experiments such as Pixie, COrE and Prism [106–108]
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being proposed. In this paper we focus on forecasts with Prism. We refer to the three experiments as
Planck-T, Planck-TE and Prism-TEB, respectively. For the CMB temperature, E-mode and B-mode
measurements, the detector noise is given by
NTℓ =
(
∆T
TCMB
)2
eℓ(ℓ+1)θ
2
F
/8 ln 2 and NEℓ = N
B
ℓ =
(
∆P
TCMB
)2
eℓ(ℓ+1)θ
2
F
/8 ln 2, (3.6)
where ∆T,P is the noise per pixel of the detector, θF is the beam FWHM and we combine the noise in
each frequency channel in quadrature. We follow the analysis in [109] and model the Planck and Prism
datasets as CMB temperature and polarization maps of 80% of the sky in two frequency bands for Planck
and seven bands for Prism. The maps are considered free from any foreground contribution, assuming
that the other frequency channels are used to remove them. The specifications for each experiment are
given in Table 2.
For the lensing potential, the noise NLℓ is taken to be the noise of the minimum variance estimator, which
is given by [110]
N (ℓ) = 1∑
αβ N
−1
αβ (ℓ)
, (3.7)
where Nαβ is the noise for the estimator αβ with {α, β} ∈ {TT, TE, TB,EE,EB}. We assume that
each experiment uses its respective CMB temperature and polarization maps to perform the lensing map
reconstruction, so that the lensing noise is determined by the appropriate combinations of α and β.
4 Results
Our study focuses on the improvement in constraints on isocurvature perturbations when CMB lensing
measurements and CMB B-mode polarization measurements are added to CMB temperature and E-mode
polarization measurements. We present results for the Planck-T, Planck-TE and Prism-TEB exper-
iments in Sections 4.1, 4.2 and 4.3, respectively. In our main study we focus on the full set of three
isocurvature modes correlated with the adiabatic mode, but in Section 4.4 we present results for the case
of one and two correlated isocurvature modes. In Section 4.5 we study the sensitivity of our results to cer-
tain assumptions in our main analysis, including the sensitivity to the inclusion of dark energy parameters.
4.1 CMB temperature spectrum constraints
We present error forecasts on the cosmological and mode parameters for the case of a pure adiabatic mode
in comparison to a model with an admixture of adiabatic and all three isocurvature modes, using Planck
CMB temperature measurements (Planck-T) [111]. This case serves as a check of our forecasted errors
compared to actual errors on adiabatic and isocurvature modes measured by Planck [111]. It is also
useful for comparing to the Planck-TE and Prism-TEB forecasts.
The 1-σ errors derived from the Fisher matrix for the Planck-T experiment are listed in Table 3. The
results for the adiabatic mode are in reasonable agreement with the values derived by the Planck team
[111], though optimistic by a factor of ∼ 1.5, as would be expected from a Fisher matrix analysis that
provides minimum errors on parameters. For the adiabatic mode we observe that the addition of lens-
ing information improves the constraints on ωb, ωc, ΩΛ and ns marginally while the constraints on As
– 10 –
T T+LT T T+LT
δωb/ωb 0.901 0.876 3.20 2.82
δωc/ωc 1.82 1.76 5.58 5.53
δΩΛ/ΩΛ 1.48 1.42 3.80 3.76
δτ/τ 44.6 28.0 54.3 42.9
δns/ns 0.527 0.520 2.16 2.11
δAs/As 7.67 4.60 31.6 28.1
〈AD,CI〉 – – 35.6 32.8
〈AD,NIV 〉 – – 47.3 46.5
〈AD,NID〉 – – 53.1 49.7
〈CI,CI〉 – – 38.6 38.5
〈CI,NIV 〉 – – 22.2 19.9
〈CI,NID〉 – – 56.0 55.7
〈NIV,NIV 〉 – – 18.1 18.0
〈NIV,NID〉 – – 39.2 37.7
〈NID,NID〉 – – 16.1 14.5
Table 3. 1-σ percentage errors on cosmological parameters and isocurvature mode amplitudes for the Planck-T
experiment. The errors presented here and in Tables 4-7 are computed from the inverse Fisher matrix about an
adiabatic fiducial model.
and τ improve by up to 40%. This is because the lensing measurement constrains the scalar amplitude
directly and reduces the impact of the τ -As degeneracy inherent in CMB temperature measurements [111].
When an admixture of three isocurvature modes and the adiabatic mode is allowed, the constraints on
cosmological parameter degrade severely, by up to a factor of four in some cases. The isocurvature mode
amplitudes are poorly constrained at the level of 50%. When lensing measurements are added the con-
straints on cosmological parameters in the admixture model improve marginally, with a more significant
improvement in τ of about 20%. The improvement in constraints on the isocurvature mode amplitudes
is modest, at the level of 10%. This demonstrates that Planck CMB lensing measurements, in which
the lensing field is reconstructed from a CMB temperature map alone, do not add significantly to CMB
temperature constraints on isocurvature mode amplitudes.
To explore this further we used a principal component analysis to determine the parameters that have
significant contributions to the most degenerate direction in the Planck-T Fisher matrix. We compared
the sum of their CMB temperature and lensing spectra, weighted appropriately with the corresponding
eigenvalues, to the anticipated measurement errors for these spectra. In Figure 3, the top left panel shows
that there are a number of isocurvature mode amplitudes that contribute to the degeneracy, together with
the optical depth, τ . The bottom right panel in Figure 3 shows that the lensing measurement does not
contribute significantly to reducing this degeneracy. This is primarily due to partial cancellations between
the isocurvature auto-correlation and cross-correlation lensing spectra, and their low amplitude relative
to the adiabatic lensing spectrum. These factors result in a combined spectrum that is smaller than the
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Figure 3. Degeneracy breaking. The top left panel shows the cancellation between cosmological and mode
amplitude parameter derivatives using the most degenerate direction of Planck-T measurements. The degenerate
direction is obtained from a principal component analysis of the Fisher matrix. The red solid line is the sum
of all contributions and is compared to the power spectrum error represented by the grey shaded region. The
top right panel (all ℓs) and bottom left panel (low ℓs) show how E-mode polarization measurements constrain
this degenerate direction. The bottom right panel shows how lensing information adds to the CMB temperature
degenerate direction, with the light- and dark-grey regions representing the lensing power spectrum errors from
Planck-TE and Planck-T measurements, respectively.
lensing measurement error. The low amplitude of the isocurvature lensing spectra relative to the adiabatic
lensing spectrum results from the lack of growth of isocurvature matter perturbations relative to adiabatic
matter perturbations as discussed in Section 2.3.
4.2 CMB temperature and E-mode polarization spectrum constraints
We now consider the case of Planck CMB temperature and E-mode polarization measurements (Planck-
TE) in constraining the admixture model with the adiabatic and three isocurvature modes. The infor-
mation from the E-mode polarization spectrum adds significantly to the CMB temperature spectrum
constraints, both for cosmological parameters [95] and for isocurvature mode amplitudes [87]. The E-
mode polarization measurements also provide a slightly improved reconstruction, in the case of Planck,
of the lensing potential.
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T (+E) T+LTE (+E) T (+E) T+LTE (+E)
δωb/ωb 0.901 (0.669) 0.873 (0.634) 3.20 (1.05) 2.79 (0.955)
δωc/ωc 1.82 (1.24) 1.75 (1.07) 5.58 (1.70) 5.50 (1.65)
δΩΛ/ΩΛ 1.48 (1.01) 1.41 (0.870) 3.80 (1.23) 3.74 (1.15)
δτ/τ 44.6 (5.73) 24.2 (5.67) 54.3 (6.79) 42.1 (6.77)
δns/ns 0.527 (0.391) 0.518 (0.353) 2.16 (0.727) 2.10 (0.720)
δAs/As 7.67 (0.996) 3.89 (0.946) 31.6 (4.47) 27.8 (3.87)
〈AD,CI〉 – – 35.6 (12.2) 32.5 (11.3)
〈AD,NIV 〉 – – 47.3 (6.16) 46.3 (5.96)
〈AD,NID〉 – – 53.1 (9.42) 49.3 (7.87)
〈CI,CI〉 – – 38.6 (6.01) 38.5 (6.01)
〈CI,NIV 〉 – – 22.2 (5.59) 19.7 (5.01)
〈CI,NID〉 – – 56.0 (8.25) 55.6 (7.80)
〈NIV,NIV 〉 – – 18.1 (1.63) 18.0 (1.62)
〈NIV,NID〉 – – 39.2 (5.14) 37.6 (4.49)
〈NID,NID〉 – – 16.1 (4.75) 14.4 (4.20)
Table 4. 1-σ percentage errors on cosmological parameters and isocurvature mode amplitudes for the Planck-TE
experiment.
The Planck-TE forecasts are summarized in Table 4. In the case of the pure adiabatic model, adding the
E-mode polarization information to the temperature information improves the constraints by up to 35%
for most cosmological parameters. More significantly the large-angle E-mode polarization measurement
(ℓ < 30) breaks the τ -As degeneracy, allowing an improvement by a factor of about 7 in constraints on
both these parameters.
The inclusion of three isocurvature modes in the case of CMB temperature causes the constraints on the
cosmological parameters to degrade substantially and the mode amplitudes to be poorly constrained, as
noted in Section 4.1. Adding CMB E-mode polarization information significantly improves the cosmologi-
cal parameter constraints and the isocurvature mode amplitudes are constrained at the 10% level or better.
This improvement results mainly from the large-angle (ℓ < 150) E-mode polarization measurement, which
breaks the degeneracy between the isocurvature mode amplitudes and cosmological parameters [87]. The
complementary information provided by the large-scale E-mode polarization measurement, as discussed
in Section 2.2, can be seen in the bottom left panel of Figure 3. There is not much additional information
on the most degenerate temperature direction coming from small angular scales in E-mode polarization,
as can be seen in the top right panel of Figure 3.
Adding CMB lensing information to the temperature information, where the lensing field is reconstructed
from temperature and E-mode polarization maps, further constrains the admixture model. Constraints on
cosmological parameters improve by up to 10% and constraints on τ by up to 20%, similar to the Planck-
T case. The improvement in constraints on the isocurvature mode amplitudes is again modest, below the
10% level, and not much improved beyond the Planck-T case. This suggests that adding E-mode po-
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T T+E (+B) T+LTEB (+B) T T+E (+B) T+LTEB (+B) T+E+LTEB (+B)
δωb/ωb 0.710 0.272 (0.264) 0.629 (0.594) 2.32 0.324 (0.322) 1.90 (1.85) 0.314 (0.313)
δωc/ωc 1.57 0.642 (0.572) 1.26 (0.905) 5.07 1.13 (1.05) 4.39 (2.61) 0.771 (0.680)
δΩΛ/ΩΛ 1.25 0.498 (0.443) 0.993 (0.706) 3.54 0.789 (0.726) 3.07 (1.83) 0.515 (0.428)
δτ/τ 40.5 3.14 (3.13) 15.5 (11.1) 47.7 3.94 (3.87) 33.0 (29.6) 3.90 (3.80)
δns/ns 0.419 0.225 (0.215) 0.391 (0.321) 1.84 0.449 (0.438) 1.70 (1.19) 0.358 (0.345)
δAs/As 6.99 0.556 (0.553) 2.33 (1.68) 30.2 1.97 (1.16) 25.5 (5.38) 1.69 (0.883)
〈AD,CI〉 – – – 32.0 6.13 (6.04) 29.6 (18.3) 5.41 (5.39)
〈AD,NIV 〉 – – – 45.4 2.51 (1.57) 43.1 (4.01) 2.44 (1.44)
〈AD,NID〉 – – – 49.1 4.23 (3.10) 43.4 (10.4) 3.59 (2.71)
〈CI,CI〉 – – – 32.9 3.63 (3.63) 32.2 (17.6) 3.61 (3.61)
〈CI,NIV 〉 – – – 20.3 2.65 (2.56) 17.8 (11.5) 2.45 (2.41)
〈CI,NID〉 – – – 48.8 3.92 (3.86) 47.5 (21.0) 3.68 (3.66)
〈NIV,NIV 〉 – – – 17.0 0.549 (0.474) 16.7 (4.23) 0.546 (0.454)
〈NIV,NID〉 – – – 36.2 2.07 (1.46) 33.9 (7.38) 1.91 (1.37)
〈NID,NID〉 – – – 15.1 2.09 (1.79) 12.5 (6.25) 1.86 (1.63)
Table 5. 1-σ percentage errors on cosmological parameters and isocurvature mode amplitudes for the Prism-TEB
experiment.
larization to the Planck lensing reconstruction does not significantly improve the lensing reconstruction
error, which is verified by the plot in the lower right panel of Figure 3. The improvement arising from
CMB lensing is not as drastic as that from E-mode polarization, nevertheless the lensing measurement is
useful as it provides a complementary probe of these parameters with different systematics.
4.3 CMB temperature, E-mode polarization and B-mode polarization spectrum constraints
We now study how isocurvature constraints improve when CMB B-mode polarization measurements are
added to CMB temperature and E-mode polarization measurements, as in the case of the Prism-TEB
experiment [106]. The improvement in constraining isocurvature perturbations is potentially two-fold:
the B-mode polarization measurements provide an enhanced reconstruction of the lensing field, which is
sensitive to the primordial perturbations, and the lensing-induced B-mode signal provides an additional
probe of the primordial scalar perturbations.
The Prism-TEB forecasts are summarized in Table 5. In the case of the pure adiabatic model, adding the
lensing-induced B-mode polarization information to the temperature and E-mode polarization information
improves the constraints on cosmological parameters by up to 10%, with marginal improvements on As
and τ . Adding lensing information improves constraints on all parameters, but most significantly on τ
and As by a factor of about 3.
For the admixture model, adding lensing-induced B-mode polarization information to the temperature
and E-mode polarization information improves the constraints on cosmological parameters by up to 10%,
and on isocurvature mode parameters by up to 40%. It is interesting to consider the flattest direction in
the CMB temperature measurement by Prism as illustrated in the top left panel of Figure 4. We see from
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Figure 4. Degeneracy breaking. The top left panel shows the cancellation between cosmological and mode
amplitude parameter derivatives using the most degenerate direction of Prism-T measurements. The degenerate
direction is obtained from a principal component analysis of the Fisher matrix. The red solid line is the sum
of all contributions in the degenerate direction and is compared to the power spectrum error represented by the
grey shaded region. The top right panel shows how E-mode polarization measurements constrain this degenerate
direction. The bottom left and bottom right panels show how lensing-induced B-mode polarization information
and lensing information, respectively, add to the CMB temperature degenerate direction.
the bottom left panel of Figure 4 that there is complementary information in the lensing-induced B-mode
polarization spectrum that allows us to constrain isocurvature mode amplitudes. Note that more sensi-
tivity can be gained at a given ℓ by binning the spectra. Adding lensing information to the temperature
information improves the constraints on isocurvature mode amplitudes by about 10-15%, and on cosmo-
logical parameters by about 20-30%. The improvement in constraints on isocurvature mode amplitudes
from lensing information is illustrated in the bottom right panel of Figure 4. Here it can be seen that the
residual lensing spectrum, in the flat direction of the Prism temperature measurement, slightly exceeds
the lensing reconstruction error over a limited range of angular scales. Adding the combination of lensing
and lensing-induced B-mode polarization information to the temperature and E-mode polarization infor-
mation provides significant improvements on constraints. In particular, isocurvature mode amplitudes are
constrained at the few percent level or better.
We note that the maximum likelihood lensing estimator [112] provides a lower lensing reconstruction
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Planck-TE Prism-TEB
T (+LTE) T+E (+LTE) T (+LTEB) T+E (+LTEB) T+E+B (+LTEB)
δAs/As 9.03 (4.01) 1.11 (1.02) 8.00 (2.44) 0.600 (0.478) 0.593 (0.472)
〈AD,CI〉 4.56 (4.53) 2.10 (2.07) 4.30 (4.27) 1.09 (0.988) 1.08 (0.987)
〈CI,CI〉 2.19 (1.94) 1.18 (1.17) 2.07 (1.84) 0.536 (0.533) 0.536 (0.533)
δAs/As 8.25 (4.18) 1.32 (1.29) 7.47 (2.66) 0.708 (0.654) 0.700 (0.611)
〈AD,NIV 〉 2.82 (2.81) 1.52 (1.51) 2.56 (2.55) 0.692 (0.688) 0.622 (0.619)
〈NIV,NIV 〉 1.35 (1.32) 0.584 (0.583) 1.25 (1.22) 0.209 (0.208) 0.206 (0.205)
δAs/As 8.43 (4.10) 1.23 (1.12) 7.49 (2.45) 0.681 (0.515) 0.680 (0.502)
〈AD,NID〉 3.47 (3.46) 1.53 (1.50) 3.14 (2.96) 0.757 (0.689) 0.755 (0.669)
〈NID,NID〉 1.61 (1.53) 0.677 (0.675) 1.39 (1.34) 0.243 (0.243) 0.241 (0.240)
Table 6. 1-σ percentage errors on isocurvature mode amplitudes for the Planck-TE and Prism-TEB experiments
in the case of an admixture model with the adiabatic mode correlated with one isocurvature mode.
noise from the B-mode polarization signal than the quadratic lensing estimator [106, 112, 113]. This could
potentially improve the constraints on isocurvature modes. However, we have investigated the effect of
including the lower lensing noise for Prism-TEB and found that this only improves the constraints very
slightly.
4.4 Constraints on subsets of isocurvature modes
In our main study we considered an admixture model with the adiabatic mode correlated with all three
isocurvature modes. In this section, for completeness, we forecast the constraints from the Planck-TE
and Prism-TEB experiments on admixtures of the adiabatic mode with one or two correlated isocurvature
modes.
For the case of one correlated isocurvature mode, from Table 6 we see that the overall constraints on
isocurvature mode amplitudes are at the 0.5-1% level for Prism-TEB and at the 1-2% level for Planck-
TE. In the case of Prism there is a 20-40% improvement in some isocurvature mode amplitudes when
adding the lensing and lensing-induced B-mode polarization information to the temperature and E-mode
polarization information. While our results cannot be compared directly to the analysis in [85], due to
their different parametrizations and choice of parameters, we note that their constraint on 〈CI,CI〉 of
around 1.5% is similar to ours.
For the case of two correlated isocurvature modes, from Table 7 we see that the overall constraints on
isocurvature mode amplitudes are at the 1-3% level for Prism-TEB and at the 7% level or better for
Planck-TE. For Prism the improvement from adding the lensing and lensing-induced B-mode polariza-
tion information to the temperature and E-mode polarization information in the case of two correlated
isocurvature modes is more significant than in the single isocurvature mode case, with up to 2-3 times
better constraints on isocurvature mode amplitudes.
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Planck-TE Prism-TEB
T (+LTE) T+E (+LTE) T (+LTEB) T+E (+LTEB) T+E+B (+LTEB)
δAs/As 11.5 (9.83) 2.66 (2.60) 10.2 (8.07) 1.35 (1.16) 1.08 (0.754)
〈AD,CI〉 23.7 (22.4) 6.60 (6.59) 20.4 (19.4) 3.50 (3.32) 2.53 (2.15)
〈AD,NIV 〉 13.3 (12.7) 4.34 (4.34) 10.9 (10.5) 2.00 (1.94) 1.27 (1.10)
〈CI,CI〉 9.27 (8.37) 2.67 (2.66) 7.94 (7.22) 1.58 (1.57) 1.20 (1.17)
〈CI,NIV 〉 11.6 (10.9) 3.40 (3.40) 10.1 (9.33) 1.57 (1.56) 1.10 (1.07)
〈NIV,NIV 〉 4.03 (3.94) 1.31 (1.31) 3.44 (3.34) 0.461 (0.459) 0.345 (0.337)
δAs/As 9.76 (4.77) 1.74 (1.60) 8.37 (3.38) 0.970 (0.862) 0.920 (0.770)
〈AD,CI〉 10.8 (10.5) 6.13 (6.00) 9.30 (7.80) 3.43 (3.06) 2.88 (2.68)
〈AD,NID〉 7.18 (7.01) 4.05 (3.90) 5.92 (4.99) 2.15 (1.94) 1.82 (1.64)
〈CI,CI〉 12.2 (12.0) 5.32 (5.32) 10.8 (10.4) 3.31 (3.28) 3.30 (3.27)
〈CI,NID〉 17.3 (17.2) 7.19 (7.14) 15.2 (14.4) 3.55 (3.47) 3.55 (3.47)
〈NID,NID〉 4.89 (4.85) 2.44 (2.42) 3.90 (3.76) 0.965 (0.927) 0.965 (0.924)
δAs/As 19.3 (11.7) 4.12 (3.72) 18.5 (6.73) 1.90 (1.63) 1.14 (0.786)
〈AD,NIV 〉 25.3 (21.9) 5.41 (5.13) 24.3 (15.3) 2.23 (2.12) 1.01 (0.926)
〈AD,NID〉 29.5 (26.0) 5.43 (5.11) 28.0 (16.8) 2.58 (2.40) 1.31 (1.13)
〈NIV,NIV 〉 7.80 (6.98) 1.53 (1.49) 7.53 (5.52) 0.466 (0.460) 0.315 (0.313)
〈NIV,NID〉 18.7 (16.8) 3.12 (3.01) 18.0 (12.1) 1.22 (1.18) 0.620 (0.615)
〈NID,NID〉 10.3 (9.48) 1.72 (1.69) 9.72 (6.37) 0.849 (0.828) 0.528 (0.524)
Table 7. 1-σ percentage errors on isocurvature mode amplitudes for the Planck-TE and Prism-TEB experiments
in the case of an admixture model with the adiabatic mode correlated with two isocurvature modes.
4.5 Sensitivity to model assumptions
In this study, we have made a few assumptions that could impact our results. We investigate here the
dependence of our results to these assumptions for the case of an admixture model with the adiabatic
mode and three isocurvature modes.
4.5.1 Simultaneous dark energy constraints
In considering a ΛCDM cosmology, we have assumed an equation of state, w = −1, that is constant in
time. While the ΛCDM model adequately describes CMB temperature and polarization measurements
[23, 62], other late-time cosmological experiments are able to probe models with evolution in the dark
energy component [58, 72]. The dark energy parameters affect the growth of matter perturbations and
in turn the CMB lensing spectrum, with these variations potentially being degenerate with isocurvature
mode amplitudes.
We consider a dark energy model with an equation of state modelled by the CPL parameterization,
w(a) = w0 + (1− a)wa, where a(t) = 1/(1 + z) is the cosmic scale factor [114, 115]. We marginalise over
cosmological parameters, including the dark energy parameters, to obtain the constraints on isocurvature
mode amplitudes. We find that the isocurvature amplitude constraints degrade by at most 10% for
both the Planck-TE and Prism-TEB experiments when the dark energy parameters are included. This
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indicates that there is sufficient information in the CMB temperature, polarization and lensing data to
distinguish isocurvature perturbations from dark energy.
4.5.2 CMB temperature-lensing correlation
In our study we have treated the CMB lensing spectrum as independent of the CMB temperature and po-
larization spectrum, even though the lensing field is reconstructed from the temperature and polarization
maps. Schmittfull et al. [103] have shown that this is a reasonable assumption in the case of the CMB
temperature-lensing correlation for the Planck experiment. For more sensitive experiments, they found
that the relevant correlations are most important at low ℓs (ℓL < 150).
To study the effect of overlapping information coming from the CMB temperature and CMB lensing spec-
tra, we implement a cut-off at ℓLmin = 200 to discard any potential CMB temperature-lensing correlation
in the Fisher matrix analysis and study the resulting constraints for the Prism-TEB experiment. The
effect is small with a degradation in constraints on cosmological parameters and isocurvature mode am-
plitudes of at most a few percent. This indicates that our main results are insensitive to the information
contained in the CMB temperature-lensing correlation. However, further work is required to model the
CMB polarization-lensing correlation and study its effect on the constraints presented here.
4.5.3 Primordial tensor perturbations
In considering scalar adiabatic and isocurvature perturbations, we have neglected the possibility of a tensor
mode contribution, for example, from primordial gravitational waves, for which there has been a recent
claimed detection [26]. If a tensor mode contribution to the B-mode polarization spectrum was present, its
effect would be to dilute the information available on large angular scales (ℓ < 100) to constrain the lensing-
induced B-mode polarization signal. We implement a cut-off at ℓBmin = 100 in the Fisher matrix analysis to
ignore information from the large-scale CMB B-mode polarization signal in constraining the isocurvature
mode amplitudes. We find that there is a negligible increase, of less than 1%, in the isocurvature mode
amplitudes for the Prism-TEB experiment when the large-scale B-mode polarization information is not
included. This indicates that scalar adiabatic and isocurvature perturbations may be simultaneously
constrained with primordial tensor perturbations.
5 Discussion
In this paper, we have considered the question of how much information is added to CMB temperature
and E-mode polarization constraints on primordial isocurvature perturbations from CMB lensing informa-
tion. The CMB lensing information comes from both the CMB lensing spectrum and the lensing-induced
B-mode polarization spectrum. In the case of the Planck experiment we have found that the CMB
lensing spectrum improves constraints by at most 10%. The limited improvement is a result of the low
amplitude of isocurvature lensing spectra relative to the adiabatic lensing spectrum and cancellations be-
tween isocurvature modes rendering them only slightly detectable with CMB lensing. The same is true
for the lensing spectrum measured by Prism even though the lensing reconstruction error is smaller. In
the case of the Prism experiment there is a much larger improvement in isocurvature constraints from
the lensing-induced B-mode polarization spectrum, with mode amplitude constraints improved by up to
40%. The addition of lensing and lensing-induced B-mode polarization information provides significant
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improvements, with isocurvature mode amplitudes overall constrained at the few percent level or better.
We investigated the sensitivity of our results to various assumptions in our analysis, such as the inclusion of
dark energy parameters, the CMB temperature-lensing correlation, and the presence of primordial tensor
modes. We found that these assumptions did not significantly change our main results. Nevertheless,
further study of the CMB polarization-lensing correlation is required to understand its impact on the
results presented here. Other ways in which our study could be extended include generalising our admixture
model to include variations in isocurvature spectral indices or investigating how other cosmological probes
of the primordial perturbations, for example, galaxy surveys [116–119], fare in constraining the admixture
model. More immediately, though, we aim to use CMB temperature, polarization and lensing datasets to
set updated constraints on admixture models with correlated adiabatic and isocurvature modes.
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